This work deals with non-isentropic hydrodynamic models for semiconductors with short momentum and energy relaxationtimes. The high-and low-frequency decomposition methods are used to construct uniform (global) classical solutions to Cauchy problems of a scaled hydrodynamic model in the framework of critical Besov spaces. Furthermore, it is rigorously justified that the classical solutions strongly converge to that of a drift-diffusion model, as two relaxation times both tend to zero. As a by-product, global existence of weak solutions to the drift-diffusion model is also obtained.
Introduction
Consider a unipolar semiconductor device, where the current flow is generated by electrons. Denote by n = n(s, x), u(s, x) the electron density and velocity, respectively. Φ = Φ(s, x) represents the electrostatic potential generated by the Coulomb force from the electrons and background ions. These variables satisfy the following full (non-isentropic) hydrodynamic model 
(1.2)
In this paper, we focus mainly on the Cauchy problem of the system (1.2) with initial conditions for n, u and T , and a boundary condition for Φ: (1.4)
The homogeneous boundary condition for Φ means that the semiconductor device is in equilibrium at infinity. To analyze the zero-relaxation-time limits, we define the scaled variables as in [17] :
n τ , u τ , T τ , e τ (x, t) = n, 
div e τ = n τ −n (1.6) with the initial data n τ , τ u τ , T τ (x, 0) = (n 0 , u 0 , T 0 ).
(1.7)
As τ → 0 and σ → 0 simultaneously, we obtain the drift-diffusion model for semiconductors formally ⎧ ⎨
(1.8)
In the semiconductor device science, the classical drift-diffusion model is the most popular system for numerical simulations. It works very well in the regime of low carrier density and small electric fields. By contrast, the hydrodynamic model is usually considered to describe high field phenomena or submicronic devices. In [17] , Marcati and Natalini first established the relation between the simplified (isentropic or isothermal) hydrodynamic model and drift-diffusion model rigorously, via the above zero-relaxation-time limits. Since then, this kind of limit problem has been investigated by various authors for entropy weak solutions [10] [11] [12] [13] [14] [15] , and for smooth solutions [5, 21, 23] . However, these results are all restricted in the simplified models and the momentum relaxation-time τ is a unique small parameter.
For the non-isentropic hydrodynamic model (1.1), there are two relaxation times (τ and σ ). The genuine two-parameter singular perturbation problems of (1.1) have been studied recently. In [1, 2] , G. Alì discussed the singular limits, where the product τ σ was assumed to be a positive constant as τ goes to zero. Y. Li [16] investigated the cases with σ = 1, τ → 0 and σ → ∞, τ → 0, and verified the convergence from (1.1) to the drift-diffusion model (1.8) and to the energy-transport model in [18] respectively.
As relaxation times, τ and σ are both very small. From the mathematical point of view, it seems more interesting to study the limits as the two relaxation times tend to zero simultaneously. To our knowledge, few works have been done in this direction. In our recent paper [22] , we studied the case where both τ and σ are much smaller than 1 and τ = O (σ ), which seemingly contains all the physically relevant cases, since Monte Carlo simulations on the Boltzmann-Poisson equations show that the momentum relaxation time τ is much smaller than the energy relaxation time σ [3, 7] . This result gives a definite rate of convergence from (1.1) to (1.8), however, it is established in the Sobolev space H (R d ) and the regularity index is required to be high (
In this paper, we try to justify the formal combined zero-relaxation limits ( 
Moreover, the following uniform energy estimate holds:
, (1.9) where μ 0 , C 0 > 0 are two constants independent of τ , e 0 := ∇ −1 (n 0 −n). 
From the energy estimate (1.9) and the smallness of τ (0 < τ 1), we can obtain a uniform exponential decay of classical solution (n τ , u τ , T τ , e τ ) near to equilibrium (n, 0, T L , 0) as in [6] :
Then we can justify the convergence to the drift-diffusion model (1.8) with the application of the standard weak convergence methods and the Aubin-Lions' compactness lemma in [20] . 
Furthermore, one has This paper is organized as follows. In Section 2, we review some results on the Littlewood-Paley theory and Besov spaces. In Section 3, we reformulate the system (1.6)-(1.7) in order to obtain the effective a priori estimates by the high-and low-frequency decomposition methods, and present a local existence result for classical solutions to (3.1)-(3.2) with general initial data. Then in Section 4, we establish the uniform a priori estimates to achieve the global existence of uniform classical solutions. Finally, in Section 5 we perform the combined relaxation-time limits.
Notations. Throughout this paper, f ≈ g means that f C g and g C f , where C > 0 is a uniform constant with respect to τ and σ . We denote by C([0, T ], X) (resp., C Finally, we mention some other efforts which were made for the non-isentropic hydrodynamic models, such as well-posedness of steady-state solutions, global existence of classical or entropy weak solutions and large time behavior of solutions, etc. The interested readers may refer to [1, 2, 8, 9] and the literature quoted therein.
Littlewood-Paley theory and Besov spaces
In this section, we refer to [4] and recall briefly the Littlewood-Paley decomposition theory and the characterization of Besov spaces.
Let (ϕ, χ ) be a couple of smooth functions valued in [0, 1] such that ϕ is supported in the shell C(0, 3 4 ,
}, χ is supported in the ball B(0,
Let S be the dual space of the Schwarz class S. For f ∈ S , the nonhomogeneous dyadic blocks are defined as follows:
Here * , F −1 represent the convolution operator and the inverse Fourier transform, respectively. Note thath, h ∈ S. The nonhomogeneous Littlewood-Paley decomposition is
Define the low frequency cut-off by
Based on the above Littlewood-Paley decomposition, we introduce the explicit definition of Besov spaces. 
The following three conclusions can be found in [4] and will be used in subsequent analysis. The first one is Bernstein's inequality. 
Here, F f represents the Fourier transform on f .
The second one is the compactness result for Besov spaces. The last one is a continuity result for compositions. 
Reformulation and local existence
In this section, we reformulate the system (1.6) in order to obtain the effective frequencylocalization estimates. Set
Then (1.6) can be transformed into the symmetrizable hyperbolic-elliptic system:
It is easy to show that for classical solutions (n τ , u τ , T τ , e τ ), (1.6 
The local existence result of classical solutions to the simplified hydrodynamic model in the critical Besov space B 1+d/2 2,1 has been obtained in [6] . The main tools used are the regularized means and compactness argument, which can also be directly applied to the non-isentropic hydrodynamic model (3.1)-(3.2). Hence, we have
, then there ex-
2,1 ).
Uniform a priori estimates and global existence
In this section, we establish a uniform a priori estimate to the system (3.1)-(3.2) by the low-and high-frequency decomposition methods. To do this, we need some lemmas.
2) for any given T > 0, then the following estimate holds (q −1):
where the commutator [ f , g] := f g − g f and C is a uniform positive constant independent of τ .
Proof.
By applying the localization operator q (q −1) to (3.1), then multiplying the resulting equations by the conjugates T L q N τ , q u τ ,
respectively, we can achieve (4.1) in a straightforward way. Also see [6] for similar details. 2
where the function δ(t) :
Proof. By differentiating (3.1) with respect to the time-variable t, we have
Then applying the localization operator q (q −1) to (4.3) gives
t respectively, and integrating them over R d after summing up the resulting equations together, with the aid of Hölder's inequality we get
where
Next, we turn to estimate I 1 . Using integration by parts and (4.3), we get
(4.7)
Furthermore, in the similar spirit, the integral I 11 can be estimated as
(4.9)
For the integral I 2 , we recall an equality
which can be derived from (1.6) under the variable transform. Then, we have To arrive at the desired a priori estimates, we need some frequency-localization estimates on N τ and N τ t . 
Remark 4.1. The proof of Lemma 4.3 is similar to that in [6] , which can be concluded with the aid of Bernstein's inequality (Lemma 2.1). For brevity, we omit it here. Note that inequalities (4.11)-(4.12) comprise the term q u τ t L 2 (q −1). By means of "Kawashima-Shizuta" skew-symmetry condition in [19] , for isothermal hydrodynamic models, this "bad" term can be avoided, see [21] for further details. Unfortunately, those developed estimates do not work for the generally non-isentropic hydrodynamic model (1.1). Consequently, we have to establish a new auxiliary inequality (4.2) to close the uniform a priori estimates.
For the electron field e τ , we also have some frequency-localization estimates. (4.16) whereh(N τ ) is defined by Lemma 4.3 and C > 0 is a uniform constant independent of τ .
We only present the proof of (4.15) and other's proofs are direct, so we shall not detail here. From (1.6), we have (4.17) where the non-local term ∇ −1 ∇ · f is the product of Riesz transforms on f . From (3.1) and (4.17), we have −τ (4.18) where I 3 can be estimated as
Here we have used the equality div e τ = h(N τ ). 
21)
where the operator A = div or ∇, C > 0 is a harmless constant (independent of τ ) and c q denotes a sequence such that (c q ) l 1 1.
In addition, in the proof of a crucial a priori estimate (Proposition 4.1), an elementary algebra inequality will be used, we formulate it as a lemma. 
where C > 0 is a uniform constant independent of τ .
Proof. Note that
we need only show
which is obvious in virtue of the smallness of τ (0 < τ 1) and Young's inequality. 2
With these lemmas for ready, we are going to derive a uniform a priori estimate, which is used to obtain the global existence of uniform classical solutions to (3.1)-(3.2). 
, for any t ∈ [0, T ]. 
The main ingredients in the proof of Proposition 4.1 are the high-and low-frequency estimates of
For the sake of clarity, we divide them into two lemmas. 
We introduce them in order to eliminate some quadratic terms, such as
q e τ t L 2 appearing in the right-hand side of (4.30) by using Young's inequality and the smallness of τ (0 < τ 1), for similar details, see [6] . Then, (4.30)
(4.31)
In I 5 , we recall three integrals
where we chose δ 1 min{ In a similar manner, we can get the low-frequency estimate (q = −1). 
and to eliminate some quadratic terms in the right-hand side of inequality (4.33). ) is a solution of (1.6)-(1.7) with n τ , T τ > 0. Furthermore, we may attain Theorem 1.1.
Combined relaxation-time limits
In the last section, we shall perform the combined relaxation-time limit τ → 0 (i.e. τ → 0, σ → 0). 
